Abstract. This paper presents a simple and robust algorithm for estimating the local geometric properties of intersection curves, namely the tangent, normal, binormal, curvature and torsion vectors at any point. In addition, two new marching directions that make use of these properties are given.
Introduction
The numerical marching method is the most widely used method for computing intersection curves. This scheme comprises three primary phases [8, 6] : hunting (start point), tracing, and sorting. The hunting phase provides starting point for stepping on the intersection curve. It should locate all branches of the intersection curve and prevent multiple copies of the same sequence of points during marching phase. Hodographs [lo] , subdivision techniques [3, 9] , and algebraic methods [ 1, 5] have been applied for handling the hunting problem. The marching phuse computes sequences of points of an intersection curve branch by tracing out from a starting point. Incorrect step direction or size may lead to erroneous results. The sorting phuse groups those sequences of points into disjoint branches of the intersection curve. When the points on the intersection curve can be found sequentially, this phase is trivial.
Most marching methods make use of local differential geometry or Taylor series expansions about each point of the intersection curve to control the step. Tracing in the tangent direction [8, 31 , along a circle [ 2 , 131, and along a parabola [ 1 I ] are some solutions presented in the literature and the most used step size is the one dependent on the curvature [3, 111. Differential equation system [7, 51 and continuation method [I] are also used to trace out a branch of the intersection curve.
When the parametric form of a curve is known its local properties, such as tangent, curvature, normal, binormal, curvature, and torsion, can be derived exactly. However, in the case of marching schemes, these properties are used for determining the unknown curve. Motivated by the applications of differential properties in determination of marching directions, Ye and Maekawa [ 141 proposed algorithms based on Differential Geometry to compute the local properties of the intersection curve as long as the intersection points are obtained.
Using torsion and the derivative of the curvature, we could test other marching directions inspired in classical Differential Geometry. Instead of using approximative curves that have contact of first and second order, we did some experiments with curves that have a contact of third order with the intersecting curve. However, after several attempts we realize that the formulas proposed by Ye and Maekawa [ 141, although theoretically correct, are not computationally robust at the intersecting points where the parametric surfaces are not enough transversal. The reason arises from the limitations of computer-based representation for small deviations of the intersecting surface normal vectors.
In this paper we present an alternative way for estimating the properties of the intersection curve of any two regular surfaces. The only requirement is that the normal vectors of the two intersecting surfaces are known. Our algorithm is based on the tangent and normal vectors estimated by Wu and Andrade [ 131. Moreover, we used the results to derive more accurate marching directions. Section 2 introduces some basic concepts of Differential Geometry and Section 3 summarizes some related results. In Section 4 we present our basic idea and its implementation. We also show that the estimated values are good approximations to the theoretical values. Section 5 illustrates the application of our algorithm to intersection problems. Finally, some concluding remarks are drawn in Section 6.
Basic Concepts
To be self-contained we summarize in this section some concepts to be used in Section 4 and fix notations for them [ 12, 41. A parametric curve c1: = a(.) in !R3, is called regular if its tangent vector never vanishes.
If the curve is at least twice continuously differentiable, the deviation of a curve from a straight line at any point U can be measured by its curvature To any point a(.) on the curve a we may introduce a special coordinate system to facilitate the description of local curve properties. This coordinate system with origin at a(.) has axes X , 2, and Y , respectively, in the directions
, and One can get the so-called Frenet formulas for a curve a parameterized with respect to arc length s t'(s) =
+..(s)n(s) n'(s) = -~c t ( s )
It is also shown that in the neighborhood of a ( s o ) the curve a ( s ) has third-order contact to a circular helix set at its Frenet frame
where In particular, if 7(so) vanishes, the curve behaves like a circle.
As already mentioned, the curvature and the torsion are deviations of a curve from a straight line and from a osculating plane, respectively. Geometrically, with the use of Frenet frame, it is equivalent to say that they are, respectively, the angular velocities of t (~) and b(s) with As + 0 We also have that
Previous Work
Wu and Andrade [ 131 proposed a robust algorithm for estimating the osculating circle at the intersection point P from the tangent vector at P , t p , and the tangent vector at the previous intersection point Q, tQ. It is robust in the sense that as far as the tangent vectors are determinable the method works. An approximate osculating circle at P is constructed as follows ( Figure 2 ):
Center (C): the intersection of three planes: the plane that contains Q and has tQ as normal vector, the plane that contains P and has t p as normal vector, and the plane that contains P and has a normal t p x tQ.
Radius (R):
the distance between C and P .
Then, the curvature and the normal vector at P are, respectively, 1
R'
where AS) is the angle between the binormals at a ( s ) and a ( s -As). Consider a parametrized surface
If 2, y, and z are differentiable and 
( 1 1) where
are, respectively, the first and second fundamental form coefficients of r (~, U).
When two regular surfaces SI(U, U) and Sz(s,w) intersect, we say that the intersection is transversal at a point S I ( U , w) = S2(s, w ) = P when their normal vectors
Ns, ( U , U) and Afs, (s, 20) are not parallel at that point. If an intersection is transversal at P , the tangential direction of the intersection curve at P is given by A, of each surface is a function of its second form coefficients, derivatives, and normal vector N A,
Note that the derivatives U', U", U' and U" can be obtained by solving the following linear systems
They also show that the torsion at P can be obtained In addition, they derived a set of formulas for computing the differential properties of tangential intersectio? curves (NF = NG = N). In particular, by setting w = 5 and p = 5 , the tangent vector may be given by the expres- Table 2 : Improvements on problematic points.
Our Proposal
Because of the limitation on the computer-based representation, the Eqs.(14-17) only work well when
They are numerically unstable when sin 0 assumes very small values. This means that in the neighborhood of a nontransversal intersection point, wrong values for n and T are generated. It leads us to look for a more robust algorithm, even though it delivers approximations instead of exact values. Similar to the one proposed by Wu and Andrade, our algorithm depends solely on the computability of the tangent vectors of the intersection curve. It is based on the intuitive geometric meaning of the local curve properties expressed by Eqs.(6) and (7).
From Eqs. (l2) and (18) one can easily get the tangent vector for transversal as well as tangential intersection point. The normal vector and the curvature can be evaluated by Eq.( 13). Knowing the tangent and the normal vectors, the binormal vector is computed from the cross product b = t x n. In this way, a Frenet frame may be defined at any traced intersection point. Eqs. (8) and (9) let us estimate the torsion T from the deviations of these Frenet frames.
Finally, considering two successive points a(s -As) and a ( s ) on the intersection, the derivative of the curvature is simply given by
We carried out a set of tests in known parametric curves for comparing the estimated values with the exact ones computed from Eqs. ( 1-3) . Table 1 presents the deviations of the estimated values from the exact ones when the Frenet frame varies with U for two curves: a curve of type (1,4) on a torus (it is a helix which turns four times around the torus) and a space curve of degree four.
For simplicity, we considered that Au is constant, instead of keeping arc length constant. It is worth noting that, except at the points where the sign of the torsion changed, the estimated values are close to the exact ones even with relatively large step sizes. The sign of an estimated torsion also agrees with the sign of the corresponding exact one. For the problematic points it is expected that smaller step sizes will improve the estimation. Table 2 summarizes the improvements of the estimated values for two problematic points, Cl(0.0) and Cz (O.O), when we reduced the step size Au. Observe that the smaller is Au, the closer is the estimated values to the exact ones.
Marching Directions
Theoretically we know that the higher the contact order of the intersection curve and a curve along which we step, the more consecutive points they have in common. Hence, one application of our algorithm and the one proposed by Ye and Maekawa [ 141 is to compute the intersection curve more accurately by stepping in the direction of a curve that has a contact of higher-order with the intersection curve, such as the ones represented by Eqs. (4) and (5). We call the tracing method along Eq.(4) a polynomial one, and along Eq.(5), a helical technique.
The marching direction is used for estimating the next tracing point. Because of the trade-off between efficiency and accuracy, that point is usually not on the intersection curve. Newton iterations are required to improve the accuracy of reached points at each step. It is clear that the near lies the point to the curve [6], the less iterations are necessary to improve its coordinates in relation to the exact intersection curve. Hence, it is interesting to know whether marching along the curves given by Eqs. (4) In this work we restricted our comparisons to the parametric surfaces. The algorithm proposed by Ye and Maekawa provides an exact computation of the local properties of the intersection curve. However, for the cases where the condition stated by Eq. (19) is not satisfied (i.e. the normal vectors of the intersecting surfaces are almost parallel), the computation of K , K ' , and T is numerically unstable. One reason comes from the term Table 3 presents the local properties of the intersection curve determined by our algorithm and by the algorithm of (Figure 6 ), have also some non-transversal intersection points. Observe, however, the accuracy of YeNaekawa technique in determining local properties for transversal intersection points.
The exact representation of the intersection curve of the first pair of surfaces and the second pair are, respectively, C~ ( U ) and CZ(U). Note that two lists of points are provided in the Table 1 . It is because that we could not be able to get exactly the same sequence of points by applying two different methods for determining local curve properties. We performed our comparisons between the most closest traced points.
Comparing the values in Table 1 with the values in order is not possible. Our algorithm does not suffer this shortcoming. Its simplicity favors numerical robustness. At points in the neighborhood of the non-transversal intersection point, it is still able to estimate the local properties with the same precision as at other points.
Conclusions
We presented a simple algorithm for estimating some local curve properties and applied them to trace an intersection curve of two parametric surfaces along curves with a contact of third order.
In the cases tested, our algorithm for estimating geo- metric parameters has shown more robust than the Ye algorithm, since it can deal with the non-transversal intersection points that do not satisfy Eq. ( 19) . Some examples were provided to attest this statement. Additionally, from our numerical experiments we observed that the proposed polynomial and helical marching directions present better performance than the directions proposed in the mentioned work -less iterations were needed to improve the obtained point at each step. However, an accurate analysis of our proposed tracing methods demands a deeper study on topological and geometrical aspects. This discussion will depend on: (1) transversality conditions between the intersecting surfaces and the topological nature of the intersection curves (bifurcation points and their natures, and knotted or unknotted curves for instance), and (2) estimation for total variation of curvature and torsion, including torsion sign discussion.
